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Abstract 

Bosonisation of the massive Thirring model, with a non-minimal and non-abelian 
gauging is studied in 2+1-dimensions. The static abelian model is solved completely in 
the large fermion mass limit and the spectrum is obtained. The non-abelian model is 
solved for a restricted class of gauge helds. In both cases explicit expressions for bosonic 
currents corresponding to the fermion currents are given. 
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Introduction 


Ever since the explicit demonstration in 1+1-dimensions of the equivalence of the massive 
Thirring model and the sine-Gordon model order by order in perturbation theory in the 
charge zero sector [Q] and the subsequent construction of the fermion operator by boson 
operators |Q], the concept of bosonisation has proved to be an extremely useful one. 
However it was thought that this equivalence is an exclusive property of one dimensional 
space, where in reality there is no spin to distinguish fermions from bosons. Indeed, 
attempts to generalise bosonisation in two space dimensions met with limited success |^. 

Renewed interest in 2+1-dimensional bosonisation has created a flurry of activity in 
recent years, where the problem is attacked from a different angle. The nonlocal fermion 
determinant generates local terms in the one loop perturbative evaluation, in the limit of 
large fermion mass. In the lowest orders of inverse fermion mass, the bosonised theory 
of the (abelian) massive Thirring model turns out to be Maxwell-Chern-Simons |^. In 
fact the equivalence between massive Thirring and C'P(l) models in the large fermion 
mass limit was established much ago . The situation is not that clear in the nonabelian 
models. For example, the SU{2) Thirring model, in the limit where the Thirring coupling 
vanishes, can be identihed with the SU{2) Yang-Mills-Chern-Simons theory, in the limit 
where the Yang-Mills term vanishes 0 . 

In the present work, we consider a theory of non-minimally gauged Dirac fermions, 
with a Thirring current-current self interaction. Both abelian and non-abelian gauge 
groups have been investigated. The model lives in 2+1-dimensions. We study the one 
loop bosonised version of the model in the large fermion mass (m) limit and keep only 
Chern-Simons (m independent) and Yang-Mills or Maxwell (0(m“^) terms. The effect 
of still higher order terms in the inverse fermion mass is qualitatively discussed in the 
abelian context. The mapping between the fermion and the boson helds at the level of 
currents is obtained. The behaviour of the bosonic charge operator is studied in detail. 

The paper is organised as follows: Section II deals with the nonabelian fermion model 
and its bosonisation. In Section III we discuss in detail the abelian theory. Section IV 
contains results for the nonabelian theory for a special class of gauge helds. The paper 
ends with a brief conclusion in Section V. 


II. Bosonisation 

The parent non-abelian fermion model that we wish to study is a system of Dirac 
fermions with a non-minimal gauging. There is a Thirring type current-current self 
interaction term as well. The Lagrangian considered by us is 

L = D . (1) 

The covariant derivative is dehned as 

D, = d^- i^AlT^ - zaK^T^ = d, - K, = 

The anti-hermitian generators satisfy [T“, T^] = and the 7 -matrices are dehned via 

the Pauli matrices by 

7° = cr^, 7^ = 7^ = ia"^. 
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To keep track of the various combinations of vector fields that will appear, we introduce 
the notations, 

= a,w; - a,w‘ + 

where W is some arbitrary vector held and p the associated coupling constant. The 
fermion current enjoys a conservation law, 

= ( 2 ) 

Note that no gauge held kinetic term such as the Yang-Mills or Chern-Simons term, 
is kept in the fermion model as they will be generated in the bosonisation process, along 
with other mixed terms. Hence even if such terms are kept, their coefficients will get 
renormalised by bosonisation. 

The usual scheme of linearising the Thirring term in (^) is by introducing an auxiliary 
held i?“, such that when is integrated out, the original model is reproduced. This 
gives us 

L = - 07 ^ 5^)0 - 

= 07^09^ + (3) 

where -|- 7^4^ -|- aK^. The quadratic term in constitutes a mass term for B^. 

This leads us to the evaluation of the fermion determinant, which is in general non-local, 
but yields local expressions under various approximation schemes. A gauge invariant 
Pauli-Villars regularisation has been invoked. We choose, in particular, the large fermion 
mass limit such that m~^ is a small term. This also restricts us to the low energy or long 
wavelength limit, where terms with smaller number of derivatives dominate. The Seeley 
coefficients in the fermion determinant are computed at the one loop level. With these 
restrictions, the bosonised Lagrangian is the following: 

Lb = - + 0“‘'CJCa). (4) 

The coefficients a = l/(47r) and a = —l/(247rm) are known from bosonization rules. 

Since there are a number of helds, coupling constants and parameters, a glossary of 
the dimensions of them in the c = h = 1 system of units is provided below, with I 
denoting length, 

[Cf.] = [Bf,] = [0] = [m] = y, [Af,] = [ 7 ] = [g] = [a] = /, [a] = Vl. 

The Lagrangian equations of motion following from are, 

= 0, (5) 

where 

= (aDf 

X: - ^Bt = 0 . ( 6 ) 
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Putting (ID in (|) we get 


+ 7^^“ = 0, (7) 

This is essentially a generalised nonabelian self dual equation for 5“. Our next task is 
to identify the operator that will correspond to the fermion current . The 

standard procedure is to introduce a source term cr“ J“ in the fermion Lagrangian where 


ct“ is an auxiliary field coupled to the operator in question. After bosonising this 


modified Lagrangian, |cr=o can be identified as the mapping of the fermion current. 
This shows us that the bosonised current is, 




( 8 ) 


The last equality follows from (1). It is reassuring to note that the whole structure is 
internally consistent since in the fermion model, the equation of motion for is 

Is: = y. 

The above operator identity is preserved now as well, 

1 


= f 

LL J U 


9 

The fermion current conservation equation in (|D in abelian theory reduces to 


= 0 . 

From the expression of or from the nonabelian self-dual equation (|^) it is clear that 
in the abelian theory the bosonic current conservation is valid as well. 


= 0. (9) 

This makes the mapping between the currents and unambiguous. It is important 
to note that is a topological current, meaning that its conservation is assured by 
construction. 

The Hamiltonian in the static limit simply reduces to the Lagrangian with a negative 
sign, 

Hb = —Lb- ( 10 ) 

In the next section, we will show that the abelian bosonised model has a local gauge 
invariance. This gauge symmetry along with the set of time independent equations of 
motion helps us to solve the abelian model completely. 


III. Abelian theory 


m 


In the abelian case, one can replace the covariant derivatives by simple derivatives and 
is reduced to 


2ae’^f^^d^Bx + jB^ = 0, 


( 11 ) 
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We are interested in the behaviour of the matter density Bq in the static limit. Hence all 
time derivatives are dropped. The above equation is broken up in component form, 

7 H 0 + 2aBi2 = 0 

— 'yBi + 2(Jc}2-So = 0, 7 H 2 T ^cdiBo = 0. (12) 

From the last two equations we get, 


7H12 — 2crV^i?o — 

Za 


Combining with the hrst of ([T^) , it is found that Bq satisfies the time independent 
Helmholtz equation 

(13) 


+ {^fBo = 0 . 
2(7 


In fact the above equation is true for B^. 

Now we show the gauge invariance in the model. The Lagrangian is 


Lb = 


‘29 




(14) 


Rewriting 

C/i = Bfj^ + 'yAfj^ + aK^ = B^ + 

the held tensor breaks in to two decoupled parts. 


C/ii/ Bfj^i/ A^i/. 


In terms of these redehnitions, (H) becomes 

Lb = ~{B + A)^,{B + Ar - ^B^B^ + + A)^{B + H),,. (15) 

4 2g 2 

Clearly the action is invariant up to a total derivative under the local gauge transforma¬ 
tion. 


Afj, ^ A^ 


where 0 is some arbitrary function. 
This allows us to choose a gauge 


^0 = iAq 2(7Ai2 — 0. (16) 

which makes Ho* = 0 and Ho* = —diBo in the static case. Using this gauge and static 
expressions, we simplify the components related to held, 

= 2e^,xd’'A\ 

Kq = 2Hi2, Ki = —202^0; LC 2 = 2diAQ, 

= 20Mi 2, iFi2 = -2V2 Ho. 
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Now, from (1), for i/ = 0 we get, 


(^ + ^ + i)-B„ + 2a{V^A„ + (^rA„) = 0, 

Aa^ a g 2a 

(where (p!3| ) has been used), and for z/ = 1 and u = 2 we get, 

—ad2Ci2 + 2a92-Bo H-= 0, — adiCi2 + 2adiBQ - 

9 9 


= 0 , 


which are combined to give, 

+ V + = 0 . 

From the above set of equations, we hnally obtain an equation involving Aq only, 

V2(V2Ao + i^fAo) + ^{V^Ao + {^fAo) = 0. (17) 

Z(7 Zac ZcT 

Note that for small a we have approximately 

V^Tlo + i^fAo = 0, 

2a 

which is identical to ( 0 )- 

We now consider two special cases: (i) 7 = 0, a = 0, the Thirring model and (ii) 
9 = 0, a = 0, the Deser Redlich model p. Note that the third option, i.e., bosonisation 
of the free fermion theory with 'y = a = g = 0is not permissible in this scheme as g~^ is 
present. 

In Case (i),the set of equations of motion in (^^|^ now reduce to the single equation. 

- — = 0. (18) 

Breaking it into components, we end up with the equations, 

B B 

2oiBi2 + (iS/^Bq -= 0;- qA7^Bi2 + ~ 0. (19) 

9 9 

This reproduces a static equation of motion involving only Bq, 


a\V^fBo - (— - 4a2)v2Ro + ^ = 0. 

9 9^ 

Rewriting the above equation in the form, where a? has been dropped. 


( 20 ) 




{2ga) 


:(1 


2ga^ 


VBo = 0, 


we make an expansion in a. 
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Note that the Bq mass term is renormalised by fermion mass corrections. With = B^, 
the bosonised Lagrangian and current reduce to the well known forms, 

Lb = 

In Case (ii), for a = 0, and the Lagrangian becomes, 

n 7T) 

Ldr = - 7(5 + + 'yAr - + jA)MB + jA)x. (21) 

4 OTT 

The above Lagrangian breaks up into two pieces, a independent one, 

2 

Ldr{A) = -^A,,A>^'^ + aje^^’^^A.d^Ax, (22) 

and a B^ dependent one, 

Ldr{A, B) = + ae^^'^^B.d^Bx 

- Yg^,B>^ - yB^^A^'' + 2a^e^'^^B^d,Ax. (23) 

Rewriting the latter equation in the following form, 

Lbr{A, B) = B^P^^'^B, + (24) 


where, 

- d^^d'^) - ae^'^^dx, 

Zg Z 

QM = - d^d^) - 2ae^^’^^dx)A^. 

Performing the gaussian integration for B^ leads to the formal result, 

Ldr{A, B) ^ -iQ/^(p-i)^,QC (25) 

At present we are only interested in getting local terms with smaller number of derivatives, 
and hence we take the inverse of P^j^ as simply 

{P~^)^lu ~ -‘^gg^,u■ 

No gauge hxing is cosidered so far. Substituting this back in (p5D yields, 

2 

Lj,n{A, B) = ^-[[a{g^-^^^x - d^d^) - 2ae^'^^dx)AJ\ 

[{a{g^^^dPdp - d>^d^) - 2a€>^^Pdp)A^]. (26) 
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Keeping in mind the condition of lowest number of derivatives, we take only the following 
contribution in the effective action, 

Lor{A, B) = (27) 

An m 

Thus we notice that in this order the coefficient of the Maxwell term in A^ gets modihed 
whereas the Chern-Simons term in A^ remains unaltered. The hnal form of the action to 
the order stated is, 

Ldr = - 7 ) (28) 

TT^ 4 

This is exactly the model studied in P, if following the Thirring coupling g is taken 
to be proportional to m~^. 

Let us now discuss the effects of higher order (in m~^) Seelay terms in the fermion 
determinant in the full theory. Considering the next Seelay term our Lagrangian will be, 

Lb = Lb + ye^-^^C.dPdpd^Cx, (29) 

where is given in (^) and y is of order 0(m“^). Clearly the equations of motion in 
(iDi (iD (^ will remain unchanged structurally, with X^, changing to X^, 

X’^ = X’' + ye''^^d^dpCpx. (30) 


However, in the full theory this will not change the behaviour of Bq. On the other hand, 
in the pure Thirring model, the H^-equation in (|^) is modihed to, 

adpB^^'^ + + yd^)Bpx “ y = 0- (31) 

The resulting time-independent equations are, 

— - aV"Hi 2 + 2{a + yX^)X^Bo = 0 , 

9 

aX^Bo - — + 2(a + yX^)Bi2 = 0. 
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Neglecting terms of 0{ay) we get. 


Bu = 7^(1 + - aX^Bo) 

2a a g 


1 /-Bp 

2 a g 


(a 


—)X^Bo). 

ag 


Hence the i?o-equation becomes. 


2aa\vyB„ + (4a" - - + ^ = 0. (32) 

9 c^9 9 

Comparing with (^) we note that now the hrst term can not be ignored. The next Seelay 
term, [e^^'^^BpByxf obviously causes more complications in the pure Thirring model and 




obtaining an eqnation involving Bq only is non-trivial. In the fnll theory, the generic 
featnre is that these type of changes leaves the i?o-equation intact. 


IV. Non-abelian Theory: 

As has been emphasised before P|, the results are far more complicated in the non- 
abelian scenario. For arbitrary non-abelian gauge helds A®, identihcation between the 
fermi and bose currents is problematic. From the equations of motion given in ®. ( 0 ) 
and 0, the following covariant conservation equation emerges, 

(Df'/)“ = 0.) (33) 

But this is different from (H). Also there is no local gauge invariance in the nonabelian 
bosonised version due to the nature of cross terms between and A“ present in the 
theory. 

However, these problems can be completely removed for a restricted class of gauge 
helds, formerly used in 0 , that are proportional to the generators of the Cartan subalgebra 
only, 

[h“,h^] = 0, = = (34) 

a=l a=l 

where 

A± = Ai ± iA2. 

In the fermion problem p] it was assumed that the fermion helds "0 are proportional to 
the ladder generators e“ only, 

-0 = 'i/'aC", (35) 

where, 

[e“, e-^] = [h“, e^] = [h“, e"^] = -Kp^e-^ 

Note that (e^)"*" = —e~^, (h^)^ = and the Cartan Matrix is real and for SU{N) 
symmetric. Thus in the fermion model the charge is 

Jo i)] ~ h" 

this shows that the charge is also in the Cartan subalgebra. This ansatz prompts us to 
restrict 5“ in the Cartan subalgebra. But with A“ already in the Cartan subalgebra 
the entire system is reduced to essentially an abelian one, with just a non-interacting 
index tagged along each of the helds, reminding us of the nonabelian nature. Hence, in 
the lowest order of inverse fermion mass, we get a number of decoupled static Helmoltz 
equations for the non-abelian charge Hg, 

+ ( A)"bs = 0. (36) 


V. Conclusion 
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As an application of 2+1-diniensional bosonisation, we have studied thoroughly the 
non-minimally gauged massive Thirring model. Computing the fermion determinant up 
to hrst order in inverse fermion mass, the charge in the abelian model is shown to obey 
the (static) massive Helmholtz equation. Special cases leading to known results in the 
Thirring and Deser-Redlich models are derived. For abelian gauge group, effects of higher 
order terms are also discussed. In case of non-abelian gauge helds, a restricted class of 
gauge fields reduces the system to essentially a group of decoulped abelian ones and the 
charges behave in an identical fashion to the abelian one. 
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